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Abstract 

The problem of unsteady natural convection inside a circular cavity containing a flexible fin 
is numerically studied in this work. The cavity's left side is hot, while the right side is cold. A 
flexible elastic fin is attached to the center of the hot wall. The fluid-structure interaction in 
the cavity and flexible fin is combined with Newtonian fluid. The governing equations of the 
fluid-flexible fin interaction are solved using the Finite Elements method and the arbitrary 
Lagrangian-Eulerian approach. The effects of an elastic flexible fin on natural convection 
within circular cavities were investigated in this study. The Rayleigh number (103 ≤ Ra ≤ 105) 
and Elasticity modulus (1010 ≤ Et ≤ 1011) are the parameters studied, the average Nusselt 
numbers well as isotherms and streamlines, are investigated. The results show that 
increasing the Rayleigh number causes an increase in the average Nusselt number, which 
becomes significant for a higher Rayleigh number. Therefore, it is discovered that the circular 
shape of the cavity may improve the heat transfer rate. 

Keywords: Newtonian fluid; fluid-structure interaction; finite elements method; elasticity 
modulus; average Nusselt number; Rayleigh number.
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1. INTRODUCTION 

Heat transfer by natural convection in obstructed cavities is of both fundamental and industrial importance, finding 

applications in various fields including electronic equipment cooling, solar collector manufacturing, housing thermal 

management, and nuclear engineering. In recent years, extensive experimental and numerical research has been 

dedicated to understanding heat transfer in cavities equipped with fins.  

Considering natural convection, many published works have investigated the problem of unsteady fluid-structure 

interaction inside various cavities, such as square cavities [1-3], circular enclosures [4], and L-shaped enclosures [5]. 

Additionally, several studies have explored mixed convection across different enclosures, including those with multiple 

openings [6], channel configurations [7], and flexible walls [8]. 

Further research has aimed to better comprehend this phenomenon by considering different fluids, including 

Newtonians, non-Newtonians, and nanofluids. For instance, many studies on Newtonian fluid natural convection have 

examined the effects of oscillating flexible fins [9-11] indicating an increase in the fluid flow rate amplitude with 

increasing fin-free end amplitude. Additionally, the heat transfer rate in the case of using of flexible fins has shown a 

higher Nusselt number compared to that determined when using rigid fins. Raisi et al. [12] presented the effect of fluid-

solid interaction on transient natural convection inside a square cavity and discovered that the impact of increasing 

baffle length on the thermal performance of the cavity varies based on the Rayleigh number and the rigidity or flexibility 

of the system. Heat transfer properties in cavities with porous mediums have been also studied [13-16]. The findings 
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indicate that an oscillation amplitude of 0.1 significantly improves the heat transfer rate across all Rayleigh numbers, 

and the average Nusselt number is typically greater for Darcy models than for Darcy-Forchheimer models. A study of 

natural convection heat transfer in buoyancy-induced flow scenarios within a square cavity [17] has shown that in the 

scenario of a plate fixed at its top, the highest stress is observed with an inclination angle of 40°. In a recent study, 

natural convection around square cylinders and within enclosures containing heated circular cylinders has provided 

insights into optimal heat transfer conditions [18]. It was observed that the 45° angle of the rotation square cylinder 

provides the optimal and the most efficient heat transfer at a higher Rayleigh number. Investigation of unsteady natural 

convection heat transfer within an enclosure with a heated circular cylinder [19,20] has indicated that the enclosure 

performance rate is the highest when the membrane is placed at 45°, while the increase in the Prandtl number (from 

0.1 to 0.2) leads to the decrease in the Nusselt number, even though the Rayleigh number is increasing. Furthermore, 

numerical methods such as the smoothed particle element method (SPEM) have been proposed to effectively model 

fluid-structure interactions in free surface problems [21]. Heat transfer enhancement in a vented cavity using an 

externally oscillating flexible flow modulator has been demonstrated [22], showing the increase in heat transfer as the 

oscillation period of the flexible modulator decreases. A numerical approach utilizing the sharp-interface CURVIB solver 

(curvilinear immersed boundary solver) has been employed to simulate fluid-structure interaction (FSI) problems in 

complex domains involving thin, flexible solid structures [23]. 

Investigations of natural convection of a non-Newtonian power-law fluid with utilization a flexible fin [24-26], 

indicated that the fin predominantly deforms in dilating non-Newtonian fluids, while rigid fins are experiencing higher 

maximal stresses as compared to flexible fins. Additionally, a significant decrease in the average Nusselt number is 

observed when the plate length is reduced. In other studies, laminar natural heat transfer was investigated for non-

Newtonian power-law fluids within different enclosure geometries such as a square enclosure [27,28], rectangular 

enclosure [29,30], and an enclosure with a heated hexagonal block [31] as it was summarized in [37]. The compressible B-

spline material point method (Weakly Compressible BSMPM) was provided and extended to resolve the complicated free 

surface flow of a non-Newtonian fluid following a power law rheology model [32]. Pandey et al. [33] examined thermal 

and flow characteristics of non-Newtonian fluids at Ra = 107 in a circular cylinder within a square cavity. They concluded 

that heat transfer significantly increased for cases of a pseudoplastic fluid (n <1) compared to cases of a dilatant fluid (n> 1). 

Numerical simulation of convective heat transfer and flow in a non-Newtonian power-law fluid was performed using the 

lattice Boltzmann method [34] showing that as the flow behavior index increases for a given Rayleigh number, the average 

Nusselt number at the hot wall and the rate of melting decrease. Jain et al. [35] investigated the heat transfer and flow 

characteristics of natural convection from a hot cylinder body in a square enclosure, and the results showed ~11% increase 

in heat transfer for an arc radius approaching 0 mm. The investigation of natural convection in a non-Newtonian fluid 

within a cavity is conducted over time, focusing on controlling parameters such as Rayleigh number, power-law index, and 

side oscillation frequency [36]. The smoothed particle hydrodynamics (SPH) method was used to simulate natural 

convection in a differentially heated square cavity at high Rayleigh numbers when the chaotic motion has a significant 

influence on the heat transfer characteristic [38]. 

In summary, research has addressed natural convection within various enclosure geometries using advanced 

numerical methods, shedding light on fundamental heat transfer phenomena. The purpose of this study is to investigate 

the effects of an elastic flexible fin on natural convection in a Newtonian fluid within a circular cavity, considering fluid-

structure interactions. 

2. MODELING APPROACH 

Geometry considered in the current study is a circular cavity with a flexible fin attached to the central part of the 

hot left wall, as shown in Figure 1. The right wall is maintained cold at a temperature Tc*, while the left wall is brought 

to a higher temperature Th*. The fluid circulating in the cavity is considered Newtonian and incompressible, while the 

flow is laminar and two-dimensional. 

Based on these assumptions and the arbitrary Lagrangian-Eulerian (ALE) approach, the equations representing the 

hydrodynamic and thermal features of the problem are stated as follows, Equations. (1) to (7). 
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Figure 1. Physical model of convection in a cavity with a flexible fin and coordinate system where T* represents the dimensional 
temperature field, (x*, y*) shows the dimensional Cartesian coordinate system, R* and l* represent the dimensional characteristic 
size of the cavity and the length of the flexible fin, respectively 
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For the elastic structure domain, the energy equation for the fin can be written as: 
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where u* represents the velocity vector, w* shows the moving mesh velocity vector, and P represents the pressure 

field, I represent the identity tensor, tr is the transpose of a matrix, g is the gravity vector,  and  represent the thermal 

diffusivity and volumetric thermal expansion respectively, ρ is the density, cp is the specific heat at constant pressure, kf 

and ks signify the thermal conductivity of the fluid and the solid, respectively. 

The Neo-Hookean solid model is applied to express the stress tensor *: 
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where F is the deformation gradient tensor, Ftr is the transpose of the deformation gradient tensor, ds*represents the 

solid displacement vector, S the second Piola-Kirchhoff, Ws is the strain energy density function, I1 represents the first 

invariant of the right Cauchy–Green deformation tensor, E the young’s modulus of the solid, ν the poisson’s ratio of the 

solid, ε is the strain.  

Boundary conditions applicable to the external walls Eqs. (8) and (9), and the flexible fin interface Eq. (10) are 

expressed as: 

At the hot wall: 

T* = Tc* 
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T* = Th*, u* = * = 0 (8) 
At the cold wall  

T* = Tc*, u* = * = 0  (9) 
At the interface of the flexible fin: 
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This equation ensures that the heat flux leaving the fin is equal to the heat flux entering the substrate, where y 

typically represents temperature, which is a function of the position (x) in this case. 

Also, the Rayleigh and Prandtl numbers (Ra and Pr, respectively) and the elasticity modulus (E) are introduced as: 
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To quantify the heat transfer between the flexible fin and the fluid, we used the Nusselt number as follows in the 

Eqs. (14) and (15): 
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Nuf quantifies the heat transfer rate at the interface between the flexible fin and the surrounding fluid, and the Nus 

describes the heat transfer within the fin material. represents the dimensionless temperature, X is a dimensionless 

spatial coordinate along the fin, and kr represents the thermal conductivity ratio. 

The average Nusselt number on the wall is presented as follows: 
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where s1 and s2 represent the positions along the wall based on the thickness of the fin. 

3. NUMERICAL METHOD, GRID STUDY AND VALIDATION 

3. 1. Numerical approach and mesh independency 

The governing equations and boundary conditions are transformed into weak form before being numerically solved 

in the moving grid system using the finite element method. An Arbitrary Lagrangian-Eulerian (ALE) method for fluid-

flexible fin interaction is utilized. The computational domain is discretized into triangular non-uniform elements as 

shown in Figure 2. To simplify the nonlinear terms in the momentum equations, a Newton iteration algorithm is used. 

Physical and thermal properties of the fin and fluid adopted for simulations are shown in Table 1.  

The equations are solved using the finite element method. The process starts by defining physics, PDEs, and 

boundary conditions, followed by mesh generation and discretization. The system is then assembled into a global matrix 

(Ax = b) and solved using iterative solvers. 

In numerical methods for solving physical problems, grid-independence tests are achieved to confirm that the results 

are independent of the number of mesh elements. Table 2 examines the average Nusselt number (Nuavg) on the hot 

wall at Ra = 105, Et = 1010, and Pr = 10 for five different mesh sizes. Table 2 shows the number of elements used in the 
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fluid domain and the Nusselt number for various mesh sizes at a steady state. As a result, it can be determined that the 

grid with 245180 elements (case 4) is appropriate for use in all the computations in this paper. 

 
Figure 2. The schematic presentation of the utilized grid 
 
Table 1. Physical and thermal properties of materials 

Material Physical properties Thermal properties Dimensionless parameters 

Fluid 
ρf = 1000 kg m-3 
μf = 1.457 Pa s 

 = 0.14627 mm2 s-1 
kf = 0.609 W m-1 K-1 
Cp = 4179 J kg-1 K-1 
 = 1.2E-7 K-1 

Pr =10 
Fv = 0 

kr = 100 
ρr = 1 

Fin 
ρs = 1500 kg m-3 
tfin = 0.226 mm 

ks = 1000 W m-1 K-1 
Cp = 100 J kg-1 K-1 

 

 

Table 2. The average Nusselt number at the steady state solution for different grids when Et = 1010, Ra = 105 and Pr = 10 

Grid Number of elements Time, s Nuavg 

Case (1) 63154 2012 7.96685 

Case (2) 110656 3910 8.07652 

Case (3) 171800 5846 8.16314 

Case (4) 245180 8573 8.22831 

Case (5) 332260 11679 8.22837 

3. 2. Validation with others results 

Another critical step in the simulation to ensure the accuracy and correctness of the obtained results is the validation 

through other studies. This work is validated on the basis of a study reported in literature [24]. In the literature [24], the 

study focused on the flow and heat transfer of a power-law non-Newtonian fluid within a cavity, driven by buoyancy 

forces. The interaction between the non-Newtonian flow in the cavity and the hot fin was modeled through Fluid-

Structure Interaction (FSI), where the flow caused the fin to deform, which subsequently influenced both the flow and 

heat transfer. This two-way coupling was simulated using the Arbitrary Lagrangian-Eulerian (ALE) method with a moving 

mesh, while the governing equations were solved by using the finite element method. 

First, the findings of this investigation are compared to the contours of isotherms obtained in that study [24] when 

Pr = 10 and Et = 1010 have been used for the validation of this study. As shown in Figure 3, the present numerical results 

are in thorough agreement with the literature results [24]. 

Second, streamlines reported in literature [24] when Pr = 10 and Et = 1010 are compared for different Rayleigh 

numbers (Ra) with those obtained by the present method (Fig. 4), showing satisfactory agreement.  

Finally, for validation of the natural convection mechanism of a Newtonian fluid within a cavity, numerical modeling in 

the reference [24] has been re-simulated by the code employed in the present study. The evaluation of the Nusselt number 

for different values of the Rayleigh number (Ra) is represented in Table 3, showing satisfactory agreements of the results. 
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Figure 3. Comparing the results of the present study and the contours of isotherms reported by in literature [24]  
when Pr = 10 and Et = 1010 
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Figure 4. Comparison of the results obtained in the present study and the streamlines reported in literature [24]  
when Pr = 10 and Et = 1010 
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Table 3. The average Nusselt (Nu) for different values of the Rayleigh number at Pr =10 

Ra 
Nuavg Error, % Shahabadi et al. [24] Present study 

103 1.11883 1.12423 0.480 
104 1.92385 1.92536 0.784 
105 4.41245 4.41632 0.387 

4. RESULTS AND DISCUSSION 

This study examines the impact of various factors on thermo-flow fields and deformation of an elastic fin. The factors 

under investigation include the Rayleigh number (103 ≤ Ra ≤ 105), and the elasticity modulus (1010 ≤ Et ≤ 1011). This 

research aims to inform readers about the consequences of different parameters on the behavior of the fin.  

Figure 5 illustrates the changes in isotherms over time in a scenario with Ra = 105, Pr = 10, and Et = 1010.  

 

   
𝜏 =10 s 𝜏 =20 s 𝜏 =50 s 

   
𝜏 =100 s 𝜏 = 250 s 𝜏 =500 s 

   
𝜏 =700 s 𝜏 =900 s 𝜏 =1000 s 

Figure 5. Development of isotherms and deformation of the flexible fin overtime (𝜏) for Ra = 105, Pr = 10, and Et = 1010  

 

Initially, at overtime 𝜏 = 10 s, the flexible heat-conducting fin remains stationary due to the dominance of conduction 

in heat transfer. As time progresses to 𝜏 = 20 s, there is a noticeable flow of fluid and heat transfer, causing the flexible 

fin to move towards the hot wall. Between 50 s < 𝜏 < 250 s, more vortices appear around the fin, leading to a shift in the 

isotherms towards the fin. Consequently, the role of convection becomes more significant compared to conduction in 
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the heat transfer mechanism. Finally, in the steady state at 𝜏 = 1000 s, the fin movement aligns with the flow direction, 

leading to rotational flows in the upper left wall. This convection cell exhibits the highest circulation intensity among all-

time instances. It can also be observed that the flexible fin reaches its highest level of displacement during this period. 

Figure 6 shows an evolution of the streamlines with time at Ra = 105, Pr =10 and Et = 1010. According to this figure, 

two weak vortices are seen at the initial time above and under the fin on the hot wall due to the negligible convective 

heat transfer. As time passes, we can see one vortex under the fin close to the left wall. In the time period  

500 s <𝜏< 1000 s, there are two weak vortices: one vortex is next to the cold wall, and another is on the hot wall. 

 

   
𝜏 = 10 s 𝜏 = 20 s 𝜏 = 50 s 

   
𝜏 = 100 s 𝜏 = 250 s 𝜏 = 500 s 

   
𝜏 = 700 s 𝜏 = 900 s 𝜏 = 1000 s 

Figure 6. Development of streamlines and deformation of the flexible fin overtime for Ra = 105, Pr = 10  
and Et = 1010 
 

Figure 7 displays the effects of elasticity modulus (Et) and different values of the Rayleigh number (Ra) on the 

isotherms at the steady state at Pr = 10. According to the figure, at the lower Rayleigh number (Ra = 103), the elastic fin 

is not moving. Meanwhile, the isotherms are parallel to the cold and hot vertical walls of the cavity, indicating that 

conduction is the main mechanism of heat transfer. In the case of increasing the Rayleigh number i.e. Ra = 104, motion 

of the fin is solely affected, and natural convection becomes more intense. In addition, the increase in the Rayleigh 

number indicates that the isotherms are deviating from the vertical state, and the buoyant-driven flow is beginning to 

dominate the heat transfer mechanism. At the higher Rayleigh number of Ra = 105, natural convection is the main heat 
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transfer mechanism. It is interesting to note that the motion of the fin mostly affects the upper left hot wall for a lower 

elasticity modulus of Et = 1010. The reason for this behavior could be the increase in the convective flow. 
 

 Ra=103 Ra=104 Ra=105 

Et
 =

 1
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1
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Et
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 5
×1

0
1

0  

   

Et
 =

 1
0

1
1  

   
Figure 7. Isotherm contours for various Rayleigh numbers (Ra) and different values of elasticity modulus (Et) at Pr = 10 

 

The results of the isothermal and steady-state streamlines at Pr = 10 and for various values of the Rayleigh number 

and elasticity modulus are shown in Figure 8. According to the figure, at a lower Rayleigh number (Ra = 103), the 

streamlines are symmetrical relative to the vertical centerline and the streamline pattern indicates that conduction is 

the main mechanism of heat transfer. At a Rayleigh number of Ra = 104, the streamlines become asymmetric regarding 

the vertical centerline, and a lateral vortex formed on the sides of the ribs moves to the right side of the cavity. Further, 

a double-eye circulation for a lower elasticity modulus (Et = 1010) is depicted for a higher Rayleigh number of Ra = 105. 

The two vortices are central, and there is one vortex under the flexible fin close to the hot wall and another one next to 

the cold wall of the cavity. It is worth mentioning that vortices are less pronounced near the left upper portion of the 

fin, which rotates in counterclockwise direction, compared to other regions of the fin where vortices are more 

prominent. 

Figure 9 shows the average Nusselt number overtime for different Rayleigh numbers at Et=1010 and Pr = 10. The average 

Nusselt number was the highest for Ra = 105 as compared to those determined for the other two Rayleigh numbers (i.e. 104 

and 103). It is interesting to note that the average Nusselt number increases as the Rayleigh number is increased. 
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Figure 8. Streamline contours for various Rayleigh numbers (Ra) and different values of elasticity modulus (Et) at Pr = 10 
 

 
Figure 9. The average Nusselt number along the hot wall over time for different Rayleigh numbers at Et = 1010 and Pr = 10 
 

Figure 10 presents the average Nusselt number on the hot wall over time for different values of elasticity modulus 

at Ra =105 and Pr = 10. This number decreases as the elasticity modulus reduces. Globally, the elasticity modulus has a 
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negligible effect on the average Nusselt number. The higher average Nusselt number is seen at the steady state for the 

highest elasticity modulus (Et = 1011). 

 
Figure 10. The average Nusselt number (Nuavg) along the hot wall over time for different elasticity modulus at Et = 1010 and Pr = 10 
 

Figure 11 shows the velocity magnitude along the vertical centerline of the cavity at the steady state for different 

Rayleigh numbers at Et = 1010 and Pr = 10. The maximal velocity values were observed in the fluid near the lower and upper 

walls at the highest Rayleigh number. Notably, lower velocity values can be seen at the level of the flexible fin for all 

Rayleigh numbers.  

 
 2R* / m 
Figure 11. Velocity (V) along the vertical centerline for different Rayleigh numbers at Et = 1010 and Pr = 10 
 

Figure 12 depicts the steady-state velocity values along the vertical centerline of the cavity for different elasticity 

moduli at Ra = 105 and Pr = 10. As can be seen, the elastic modulus has a negligible effect on fluid velocity. It is worth 

noting that the fluid velocity decreases at the maximal deformation of the flexible fin. 

Figure 13 illustrates the maximum stress values with the deformation of the flexible fin for different Rayleigh 

numbers at Et = 1010 and Pr = 10. As observed, the maximum deformation of the fin increases by increasing the Rayleigh 

number. This finding is due to the augmented effect of the natural convective flow. Also, at a low Rayleigh number 

natural convective heat transfer is reduced and values of maximum deformation become lower. 

V
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 2R* / m 
Figure 12. Velocity (V) along the vertical centerline for different elasticity modulus at Ra = 105and Pr = 10. 

 
Figure 13. Maximal stress values of the flexible fin for different Rayleigh numbers at Et = 1010 and Pr = 10 
 

Figure 14 shows the maximum stress values with the deformation of the flexible fin for different elasticity moduli at 

Ra = 105 and Pr = 10. The maximum deformation of the fin increases as the elasticity modulus is decreased, resulting in 

a greater degree of flexibility and higher overall maximal deformation. When the elasticity modulus increases, the fin 

becomes more rigid, and the maximal deformation decreases. 

 
Figure 14. Maximal deformation stress values of the flexible fin over time for different elasticity modulus at Ra = 105and Pr = 10. 
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Figure 15 illustrates the impact of the fin length on the stress with the deformation of the flexible fin overtime at 

Et = 1010 and Ra = 105. It has been observed that the stress and deformation of the fin increase as the fin length is 

increased.  

 
Figure 15. Maximum stress values of the flexible fin over time for different fin lengths (Lc) at Ra = 105 and Et = 1010 
 

Figure 16 depicts the Nusselt number along the hot wall over time for different fin positions (left side, right side, and 

top side) at Et = 1010 and Ra = 105. As can be seen, attachment of the fin at the top of the cavity has an improving impact 

on the heat transfer. It is worth noting that the left (hot wall) and right (cold wall) positions of the fin have the same 

effects on heat transfer. 

 
Figure 16. The average Nusselt number along the hot wall over time for different fin positions at Et = 1010 and Ra = 105 
 

Figure 17 represents the fin maximal stress over time for different fin positions at Ra = 105 and Et = 1010. The right 

fin position shows the maximal deformation stress, while the top position results in the lowest fin deformation stress. 
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Figure 17. Maximum stress values of the flexible fin over time for different fin positions at Ra = 105 and Et = 1010 

5. CONCLUSION  

Numerical investigations have been carried out on natural convective flow for Newtonian fluids in a circular 

enclosure using the finite elements method. The influences of the Rayleigh number (Ra) and elasticity modulus (Et) on 

the convective flow and heat transfer have been examined and discussed. Summary of the major results is as follows. 

• Conduction is the primary mode of heat transfer in the early stages, but it gradually converts to natural convection. 

For higher Rayleigh numbers, the effects of the buoyancy force on vortices that form in the cavity are most 

important. 

• The highest deformation of the fin is observed at the steady state when the fin elasticity modulus is low. Still the 

elasticity modulus does not affect the average Nusselt number on the hot wall. 

• The increase in the Rayleigh number causes an increase in the convective flow intensity and heat transfer,  

• It may be deduced that the placement of the fin on the top of the cavity improves heat transfer. 
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(Naučni rad) 
Izvod 

U ovom radu numerički je proučavan problem nestalne prirodne konvekcije unutar kružne šupljine koja 

sadrži fleksibilno peraje. Leva strana šupljine je vruća, dok je desna hladna. Fleksibilno elastično peraje je 

pričvršćeno za centar vrućeg zida. Interakcija fluida i strukture u šupljini i fleksibilnim perajem je kom-

binovana sa Njutnovim fluidom. Glavne jednačine interakcije fluid-fleksibilna peraja su rešene primenom 

metode konačnih elemenata i proizvoljnog Lagranž-Eulerovog pristupa. U ovoj studiji ispitivani su efekti 

elastičnog fleksibilnog peraja na prirodnu konvekciju unutar kružnih šupljina. Rejlijev broj (103 ≤ Ra ≤ 105) i 

modul elastičnosti (1010 ≤ Et ≤ 1011) su parametri koji su ispitivani, kao i prosečni Nuseltovi brojevi i izoterme 

i strujne linije. Rezultati pokazuju da povećanje Relejovog broja izaziva povećanje prosečnog Nuseltovog 

broja, koji postaje značajan za veći Rejlijev broj. Time je otkriveno da kružni oblik šupljine može poboljšati 

brzinu prenosa toplote.

Ključne reči: Njutnovski fluid; inter-

akcija fluid-struktura; metoda konačnih 

elemenata; modul elastičnosti; prose-

čan Nuseltov broj; Rejlijev broj 
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