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HEAT TRANSFER ANALYSIS OF MICRO-POLAR FLUID
FLOW OVER AN EXPANDING/CONTRACTING PERMEABLE
PLANE WALL

Highlights

« The governing non-linear PDEs are transformed into coupled ODEs

« The shooting technique, combined with the Runge-Kutta method, is employed
for the solution

« Thermal slip conditions, thermal radiation, and non-uniform heat source/sink
effects are analyzed

« A critical comparison with prior published work validates the results

« Detailed numerical solutions are obtained and examined for key physical
parameters

Abstract

This research examines the stagnation-point flow of a micropolar fluid flowing
past a porous, stretching or contracting flat plate, incorporating velocity and
thermal slip boundary conditions. The governing partial differential equations are
converted info corresponding ordinary differential equations by employing
similarity transformations, which are subsequently evaluated numerically by
applying a shooting technique. The influence of principal physical parameters on
the distributions of velocity, microrotation, and temperature is explored and
depicted through graphical representations. Furthermore, computed results for
the wall shear stress coefficient and the heat transfer rate across a range of
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INTRODUCTION

Heat transfer over elongating and contracting surfaces
has significant applications in manufacturing contexts, for
instance, optical fiber manufacturing. Manufacturing elastic
sheets by extrusion, metallic spinning, and the drawing of
stretchable foils. The transfer of thermal energy during fluid
flow across an extending plane wall with variable
temperature, influenced by electric charge and internal heat
generation or absorption, was investigated by Vajravelu
and Rollins [1]. The viscous flow induced by a shrinking
plane wall was examined by Miklav¢i¢ and Wang [2], where
it was shown that the shrinking surface diverts the velocity
away from the wall; hence, suitable mass suction is
necessary to enhance the flow adjacent to the surface.
Stagnation-point flow past a contracting plane surface was
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parameter values are provided in tabular format.
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studied by Wang [3], and it was reported that the rate of
heat transfer declines as the shrinking rate increases due
to the growth of the boundary-layer thickness. An accurate
analytical solution for flow over a shrinking plane was
obtained by Fan ef al [4], which showed excellent
agreement with numerical results using the Keller-Box
method. The stagnation flow of a nanofluid over both
contracting and stretching surfaces was investigated by
Bachok et al. [9], revealing that solutions for the contracting
surface are non-unique, unlike those for the stretching
surface. The effect of slip boundary conditions on this
problem was further analyzed by Mukhopadhyay [6], who
showed that increasing the slip parameter reduces the
velocity. Magnetohydrodynamic (MHD) flow past an
oscillating surface, accounting for chemical reactions,
thermal radiation, and viscous dissipation, was studied by
Rajaraman and Muthucumaraswamy [7] using a finite-
difference method. The effects of nonlinear thermal
radiation on double-diffusive mixed convection stagnation-
point flow of a tangent hyperbolic nanofluid subject to
suction and injection conditions have been thoroughly
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examined by Kandasamy and Sivasankaran [8]. In a
related study, the combined impact of activation energy and
cross-diffusion on three-dimensional rotating nanofluid flow
within a Darcy-Forchheimer porous medium, incorporating
radiation and convective heating effects, was also
investigated by Sivasankaran and Alqurashi [9]. A recent
analysis by Sulochana and Nandeppanavar [10] explored
the heat transfer behavior of MHD non-Newtonian fluids
within a thermally stratified environment.

Many fluids, including polymeric liquids, paints,
colloidal solutions, molten crystals, lubricating oils, and
human blood, do not conform to Newtonian fluid theory. To
address this limitation, Eringen and Math [11] introduced
micropolar fluid theory, which accounts for microscopic
effects arising from the micro-motions and shapes of fluid
particles. In such fluids, couple stresses emerge due to
microrotation. A subclass of these fluids, termed micropolar
fluids, incorporates micro-spin inertia while neglecting
micro-stretch effects, thereby accommodating body
couples and couple stresses. This theory provides a robust
framework for modeling micro-structured fluids such as
polymers and rheological materials. According to Borrelli
et al [12], analysis was conducted on the three-
dimensional micropolar fluid flow over a stationary,
electrically neutral dielectric surface in equilibrium. The
stagnation-point slip flow of a micropolar fluid across a
porous, shrinking flat wall was examined by Parthiban
et al. [13], who reported that suction enhances velocity,
while injection increases both velocity and temperature;
additionally, increasing the velocity slip parameter reduces
velocity but elevates temperature. The rotating magneto-
hydrodynamic flow of a micropolar fluid past a vertically
oriented porous surface, incorporating thermo-diffusion
(Soret effect), chemical reactions, Hall current, and ion slip,
was examined by Krishna and Chamkha [14]. Also, Sharma
et al. [15] examined how melting and slip conditions
influence MHD micropolar flow of fluid over an extending
surface. The influence of partial slip and cross-diffusion on
MHD mixed bioconvection flow with chemical reaction has
been investigated in Geetha et a/ [16], whereas Hakeem et
al. [17] explored magnetoconvective hybrid nanofluid slip
flow past an inclined slender needle embedded in a Darcy-
Forchheimer porous medium, taking viscous dissipation
into account. In contrast, Madasu and Goyal [18] focused
upon the creeping flow behavior of a micropolar fluid over
an immiscible micropolar fluid sphere. Moreover, Abera et
al [19] explored the mixed convection MHD flow of a
micropolar nanofluid past a stretching cylinder, incorpora-
ting the Cattaneo-Christov heat flux model and the effects
of chemical reactions.

The analysis of micropolar fluids along elongating
surfaces is of significant technological importance because
of their extensive applications in chemical and metallurgical
engineering. Rahman et a/ [20] investigated magneto-
hydrodynamic flow movement of a micropolar fluid over a
nonlinearly contracting wall with variable viscosity and
temperature, showing that the thermal energy transfer rate
is highly influenced by the nonlinear contraction and
temperature indices. The role of thermal radiation on
thermal and mass transfer in the boundary layer flow of a

micropolar fluid over a nonlinearly elongating surface was
analyzed by Hsiao [21]. Micropolar stagnation-point flow
over a flat contracting or elongating surface was examined
by Yacob et al. [22], while Bhattacharyya et a/. [23] studied
the effect of thermal radiation on the motion of a micropolar
fluid over a permeable contracting sheet. The thermal
characteristics associated with stagnation-point flow past
an exponentially contracting surface were reported by
Bhattacharyya and Vajravelu [24]. The impact of radiative
heat transfer on unsteady micropolar fluid dynamics along
an elongating porous surface was demonstrated by
Hussain ef al. [25] using similarity transformations and the
homotopy method. The role of chemical reactions in
magnetohydrodynamic micropolar fluid flow at a stagnation
point over a contracting wall was examined by Singh
et al. [26]. Further contributions include the investigation by
Kumar and Srinivas [27] into the unsteady magneto-
hydrodynamic flow of an Eyring-Powell nanofluid over an
inclined, permeable stretching surface, incorporating Joule
heating and thermal radiation effects. In a parallel analytical
study, Garg et a/. [28] addressed micropolar fluid flow past
a porous sheet while incorporating mass transpiration
effects.

Fluid flow in porous media has drawn substantial
interest because of its widespread occurrence in nature
and its extensive applications in chemical engineering and
geophysics. Fluid motion in porous channels influenced by
internal heat sources or sinks plays a crucial role in many
technical and manufacturing applications. Abel et a/ [29]
investigated fluid flow near a linearly contracting sheet with
variable heat sources using Keller's box method. Mahmoud
and Waheed [30] analyzed the influence of velocity slip on
magnetohydrodynamic micropolar fluid flow past a porous
contracting wall, incorporating thermal energy sources and
sinks. Natural convection within a wavy porous cavity under
sinusoidal thermal boundary conditions and internal heat
generation was examined by Cheong et a/ [31]. Mishra et
al. [32] studied micropolar fluid flow across a plane wall,
incorporating a source of thermal radiation, and reported
that coupling and magnetic parameters significantly affect
angular velocity profiles, with backflow occurring near the
plate. The role of thermal radiation and cross-diffusion in
unsteady chemically reactive convective flow over an
extended surface embedded in a heat-generating porous
medium was examined by Bhuvaneswari [33]. Additionally,
Sivasankaran et a/. [34] numerically investigated the effects
of magnetic fields and discrete heating on free convection
within a porous cavity. Maaitah et al [35] performed a
computational study of the heat characteristics of
micropolar fluid flow adjacent to a vertical isothermal plate
embedded within a porous medium. Palai et al [36]
examined the impact of uniform injection and suction on the
flow behavior of a grade-three Rivlin-Ericksen fluid between
porous parallel plates using a semi-analytical approach.

Motivated by prior studies, the present work investiga-
tes micropolar fluid motion near the stagnation point over
an elongating plane surface, which has not been studied so
far. The main objective is to analyze the stagnation-point
flow behavior and thermal transfer characteristics of a
micropolar fluid past an expanding/contracting permeable
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plane wall. The unique contribution of this research lies in
its comprehensive approach to micropolar fluid flow,
incorporating thermal slip boundary conditions, thermal
radiation, along with a spatially varying heat source/sink
acting simultaneously. To the best of the authors’
knowledge, the combined influence of these effects on heat
transfer characteristics, microrotation distribution, the
coefficient of skin friction, and Nusselt number for such a
configuration has not been reported in the literature. The
coupling of wall expansion/contraction with permeability
and micropolar microstructural effects introduces new
physical interactions that significantly alter the boundary-
layer structure. Furthermore, the existence of dual solutions
for contracting surfaces is examined, and a stability
analysis is conducted to identify the physically realizable
solution branches-an aspect that has received limited
attention in previous studies.

The results offer an important understanding of the
thermal characteristics of micropolar fluids in the presence
of surface stretching/shrinking, radiation, slip conditions,
and spatial heat generation/absorption, with relevance to
modern engineering applications. Future investigations
may extend the present model to include nonlinear
radiation, temperature-dependent properties, magneto-
hydrodynamic effects, viscous dissipation, nonlinear slip,
unsteady or three-dimensional flows, and entropy
generation, supported by experimental or direct numerical
simulation (DNS) validation.

MODELLING EQUATIONS

We examine a two-dimensional stagnation-point flow
involving a micropolar fluid. This flow occurs along a flat,
porous surface that stretches linearly and is influenced by
conditions of velocity slip. The corresponding flow
geometry is shown in Figure 1.

The velocities at the surface and in the free stream are
taken to be 1, (%) = aX and 4.(X) = cX, respectively. The
wall temperature is prescribed as T, (%) = T.. + b where
a>0, b>0and c>0 and T. denotes the free-stream
temperature. The X - axis is aligned with the surface of the
plane. The effects of microstructural interactions and
viscous diffusion are assumed to be negligible, leading to a
reduction of the total spin N attributed solely to
microrotation.

Under these assumptions, the governing equations are
presented below:

ot oD

wty =0 &),
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where 4 and ¥ are the dimensional velocities along and
normal to the surface respectively, X and y represent the
direction along and normal to the surface, u is the fluid
viscosity, p is the density of the fluid, x is the rotational
viscosity, N is the microrotation component, j is the density

of micro inertia, y is the rotational gradient, C, is the specific
heat at constant pressure, Q, is the volumetric thermal
source/sink, u is the fluid viscosity, [ is the representative
length, and 4 is the micropolar coefficient.

In the Roseland approximation, radiative heat transfer

is described by the equation:
40* 0T*
r= 3k*a_37 (6)
where ¢* stands for the Stefan-Boltzmann constant, k*
denotes the average absorption coefficient.

Taking the stream’s local temperature allows T* to be
represented as a Taylor expansion around T,, and
disregarding terms of higher order, one obtains
T4 = 4T3T - 3T2.

Consequently, Eq. (4) may be represented as:
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Associated boundary parameters:

a=1,%) =Aa—)7+a9?

ar .
a_y+T°° at y = 8

T-Toasy— oo 9

where 7,(X) is the transpiring surface velocity and
n(0 < n < 1) is the boundary measure for the vortex state.
Here, n=0, i.e., N=0, indicates the non-vortex
condition, that is, the micro particles in the dense flow are
not able to rotate close to the wall, and n = % signifies the

asymmetric portion of the stress tensor disappearing, which
means fluid dilution near the wall. Also, n = 1 reveals the
turbulent flows. Here ¥, (%) < 0 means mass suction and
7,,(£) > 0 means mass injection.

The transformations ensuring similarity, as listed
below, are introduced:

C/\
= y

Y= \/_x f@)
N = (cf\Fq(n)>
6 = TWT;° (10)

where 77 is the resemblance variable, i is the stream
function operation satisfying @i = ‘;—1;, U= _[:,_I,l; and Eq. (1).

The modelling Egs. (2) and (4) become ODEs:
[1+A)f" +ff —f*+Ag’ +1=0

[1+;]g +fg —fg—20g—Af"=0

(12)
(12)
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[1+R]8"—Pr[f6—f0]+PrQe =0 (13)
with the boundary settings Egs. (7) and (8) becoming:
f(0) =s

f'(0) = e + Af"'(0)

1 — f!l
~g(0) = ~£"(0)

8(0) = 80'(0) + 1 (14)
f'(0) =1
g(o) =0
8(c0) =0 (15)
Yy
a'll ?I
f
o
v \\\
\

REEELE

where f’- is the non-dimensional velocity of the fluid,
g’- non-dimensional form of angular velocity, 8- is the non-

dimensional temperature, s = —%- is the suction/injection
160°TS . . Cp .
value; R = % is the radiation parameter; Pr = ”T”- is

Qo
cpCyp

the Prandtl number; Q = - is the heat source/sink;
€= %- is the stretching factor; A = A\/% is the velocity slip

factor; and 6 = B\/% is the thermal slip factor.

I I I Wall Suction/ Blowing
b

Elongating/Contracting wall with velocity slip # and temperature slip T

Figure 1. Physical Model.

The physical features, like the shear stress C;, the
couple stress Mg, and the Nusselt number Ny, are defined
as follows:

TW
Cf ="
pug

my,
Mf =

pvi,

2qw
KT (16
where the plane shear stress 1, the plane couple stress

m,,, and the plane's heat g,, are given by:
ot -

T, = [(,u+ K)—,\-I-KN]

w ay =0

m,, = [(y+g)lg

Nﬁf =

16 *T3\ (0T
av==(+5) 55,
Using Eq. (16), the following expression is obtained:
Re}/*C; = [1+ A — An]f"(0)
2+ A\
M= (==)g©

Re;/*Niiy = —(1 + R)6'(0)

17)

(18)

where Reg = % [4, ()] is the local Reynolds number.

NUMERICAL PROCEDURE

Using the shooting method, Egs. (11), (12), and (13),
under the given boundary conditions prescribed in Egs.
(14) and (15), are expressed in the form of a first-order
differential system.

p=Ff

q=p

qg =[1+{+d)][—fqg+p*—Ah—1] (19)
g =h

R =1/ + (A/2)][-fh +pg + A(2g + q] (20)
0 =z

z' =[1/(1 + R)][Pr(6p — fz) — PrQ0] 1)
and the boundary setting:

f0)=s

p(0) = € +44(0)

9(0) = —nq(0)

0(0) =1+ 6z(0) 22)

To solve the system of Egs. (19) to (21) of the seven
first-order ODEs as an IVP, we need seven initial settings
£(0), p(0), q(0), g(0), h(0), 8(0) and z(0), which are all
available with the availability of the unknown four initial
values q(0), h(0) and z(0), i.e., f"(0), g'(0), and 6'(0).
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Therefore, the preliminary values for f"(0),
g'(0), and 6'(0) are assumed to compute the above
system numerically. To guarantee the convergence, we
choose a suitable fixed value 5, representing n—w. The
evaluated outcomes for f’(0), g(0) and 8(0) at 7, are
matched with the expected values at n = .. To improve
the precision of the computed solution, the estimated
results of f"(0), g'(0), and 6'(0) are modified, and the
process continues until the desired outcomes are attained.

FINDINGS AND EXAMINATIONS

The velocity, angular velocity, and temperature are
computed numerically for varying data of s and A, while
keeping other parameters constant. Positive values of s
indicate suction at the plate, whereas values below zero
represent injection. The current values of f"(0) and — 6'(0)
are evaluated against the findings reported elsewhere
[3,22,26], as presented in Table 1. The current results show
strong consistency with previously reported findings.

Figure 2(a) illustrates that increasing the micropolar
parameter (A) results in a decrease in the fluid velocity.
Physically, this means the fluid's microstructure resists flow
more efficiently, enhancing the fluid's apparent viscosity
and dropping velocity. Furthermore, higher values A result
in a thicker boundary layer, indicating that more micro-
elements accumulate near the surface. Physically, this
means the improved rotational viscosity and increased
resistance to flow permit micro-elements to concentrate
near the surface, thickening the boundary layer and
reducing fluid velocity. As presented in Figure 2(b), the fluid
velocity is generally higher under suction conditions
compared to injection. Under suction, the velocity gradually
increases with n, which promotes the development of the
boundary layer. Figure 2(c) demonstrates that the velocity
is lower for the shrinking surface, whereas it increases with
the velocity ratio parameter € = a/c for the stretching
surface. Notably, when €= a/c < 1, the free-stream velocity
increases; otherwise, the elongating surface velocity rises.
In both cases, the velocity profile exhibits an overall
increase. Figure 2(d) indicates that increasing the velocity
slip, A, enhances the velocity profile, as a higher slip

reduces the frictional resistance between the viscous fluid
and the surface.

Figure 3(a) shows that an enhancement in the thermal
slip parameter & results in a decline in the boundary-layer
temperature, which can be attributed to the weakening of
convective heat transfer within the thermal boundary layer.
Figures 3(b)-3(d) indicate that higher values of the heat
source parameter (Q) and the radiation parameter (R)
enhance the temperature distribution in the boundary layer
for €= alc< 1, whereas increasing the Prandtl number (Pr)
leads to a reduction in fluid temperature. This means that
increased internal heat generation within the fluid raises the
temperature of the fluid. Further energy absorption
increased by enhanced radiative heat transfer, resulting in
boosting the fluid’s temperature.

Figure 4(a) illustrates that the micropolar factor (4)
enhances angular momentum in the region near the sheet,
while its effect diminishes with increasing distance. In
Figure 4(b), it is evident that angular velocity decreases for
a shrinking surface but increases with the velocity ratio
parameter (e = alc) for a stretching surface. Figure 4(c)
indicates that the suction parameter (s) reduces angular
momentum near the surface; however, this effect reverses
at locations farther from the surface. Finally, Figure 4(d)
demonstrates that increasing the velocity slip parameter (1)
enhances the angular velocity. Increasing the velocity slip
parameter (A), reducing the frictional resistance at the
surface, allows the fluid to slip and enhance the angular
velocity of micro-elements near the surface.

Table 2 illustrates the influence of the parameters A, ¢,
s, Q R, A o,and Pron f"(0) (shear stress) and — 6'(0)
(temperature gradient). A negative wall heat flux indicates
that thermal energy passes from the surface into the fluid
layer adjacent to it. A negative wall heat flux indicates heat
transfer from the surface to the fluid, which increases the
temperature of the fluid near the surface. The numerical
results show that increasing A, €, and Aleads to a reduction
in shear stress, whereas an increase in s produces the
opposite effect. Furthermore, the shear stress remains
essentially unchanged with variations in Q, R, o, A, and Pr.
In contrast, the temperature gradient increases with
increasing ¢, s, A, and Pr, while higher values of A, @Q, R,
and oresult in a decrease in the temperature gradient.

Table 1. Comparison outcomes for different parameter values of €, 4, 7=0.5, Pr=1.0 and s= 6=Q=0.

[2] [22] [26] Our Result
€ f f"(0) f"(0) —6'(0) )  —6'(0) )  —6'(0)
0 1.2326 1.2326 -0.5705 1.2326 -0.5705 1.2326 -0.5705
1 - 1.0064 -0.5445 1.0064 -0.5445 1.0064 -0.5445
05 0 0.7133 0.7133 -0.6921 0.7133  -0.6921 0.7135 -0.6921
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Table 2. The variance of f"'(0), —0'(0)is presented for the grouped parameter

values atn = 0.0

S.No A € s Q R A 5 Pr £7(0) —0'(0)
1 05 05 05 05 05 05 05 1 0.4412 0.6555
2 1 05 05 05 05 05 05 1 0.4150 0.6512
3 15 05 05 05 05 05 05 1 0.3933 0.6474
4 05 05 05 05 05 05 05 1 1.7749 0.6431
5 05 05 05 05 05 05 05 1 0.4412 0.6555
6 05 12 05 05 05 05 05 1 -0.1831 0.7089
7 05 05 0 05 05 05 05 1 0.4010 0.5461
8 05 05 05 05 05 05 05 1 0.4412 0.6555
9 05 05 08 05 05 05 05 1 0.4646 0.7181
10 05 05 05 05 05 05 05 1 0.4412 0.7850
1 05 05 05 0 05 0 05 1 0.4412 0.7277
12 05 05 05 05 05 05 05 1 0.4412 0.6555
13 05 05 05 05 0 05 0 1 0.4412 0.7672
14 05 05 05 05 05 05 05 1 0.4412 0.6555
15 05 05 05 05 1 05 1 1 0.4412 0.5842
16 05 05 05 05 05 0 05 1 0.7565 0.6200
17 05 05 05 05 05 04 05 1 0.4824 0.6513
18 05 05 05 05 05 08 05 1 0.3506 0.6644
19 05 05 05 05 05 05 0 1 0.4412 0.9750
20 05 05 05 05 05 05 04 1 0.4412 0.7015
21 05 05 05 05 05 05 08 1 0.4412 0.5478
22 05 05 05 05 05 05 05 05 04412 0.4958
23 05 05 05 05 05 05 05 1 0.4412 0.6555
24 05 05 05 05 05 05 05 2 0.4412 0.8538

CONCLUSION

The significance of A, ¢, s, Q, R, 4,6, and Pr on f'(0),
g(0) and 6(0) are summarized as follows. The micropolar
parameter A diminishes the velocity distribution along the
boundary layer but increases the temperature there.
However, an opposite trend is observed with respect to the
parameters ¢, s, and 4. The thermal slip o decreases the
temperature but does not change the velocity. The
parameters Qand R increase the temperature profile, and
temperatures are larger in the suction case than in the
injection case. The parameter Pr does not influence the
velocity but decreases the temperature trace. The shearing
stress f"'(0) is constant for the parameters Q, R, Pr, J, but
increases for s and 4. The temperature gradient — 6'(0)
decreases for the parameters @Q, R, A, and o but increases
for € s, and Pr.

Such a study is found useful in the field of industrial
coatings and films, membrane separation processes,
chemical reactor design, enhanced oil recovery, thermal
management in process equipment, crystal growth

processes, electrochemical processes, catalytic reactions,
pharmaceuticals, colloidal chemistry, biomedical, and
environmental engineering.

NOMENCLATURE:

n Boundary value coefficient

hs Coefficient of heat transfer[Wm 2K ]
a Denote the wall expansion coefficient
J Density of micro inertia[Kgm™!]

x Direction along the surface

¥ Inthe direction normal to the surface
L Length

N Micro-rotation component

g’ Non-dimensional form of angular velocity
©  Normal velocity at the surface [m/s]
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= g Representative length[m]

Represents the specific heat at constant pressure
¢ The free stream flow rate coefficient

f' The non-dimensional velocity of the fluid

i Velocity at the surface[ms™1]
Qo Volumetric thermal source/sink

Greek Symbols:
n  Boundary layer length
Density of the fluid[Kgm ™3]

Fluid viscosity[Pa. s]

> = O

Micropolar coefficient
Momentum diffusivity[m?s~1]

Non-dimensional temperature

< © <

Rotational gradient

k Rotational viscosity[Pa. s]
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NAUCNI RAD

10

ANALIZA PRENOSA TOPLOTE PRI STRUJANJU
MIKROPOLARNOG FLUIDA PREKO PROPUSNOG
RAVNOG ZIDA KOJI SE SIRI ILI SKUPLJA

Ovo istraZivanje razmatra strujanfe mikropolarnog fluida u tacki zastoja preko
porozne ravne ploce koja se rasteZe ili skuplja, uz ukijjucivanje granicnih
uslova klizanja brzine | temperature. Polazne parcijaine diferencijalne
Jjednacine transformisane su u odgovarajuce obicne diferencijalne jednacine
primenom transformacifa slicnosti nakon cega su numericki resavane
primenom metode gadanja. Ispitan je uticaj glavnih fizickih parametara na
raspodele brzine, mikrorotacije i temperature, a rezultati su prikazani graficki.
Pored toga, izracunate vrednosti koeficijenta naprezanja smicanja na zidu i
brzine prenosa toplote za razlicite vrednosti parametara date su u tabelarnom
obliku.

Kiljucne reci: granicni sloj, prenos kolicine kretanja, metoda gadanja,
klizanje brzine, zracenje, izvor/ponor toplote.



